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Abstract 

We perform a Bohr-Sommerfeld-Heisenberg quantization of the 2- 
dimensional harmonic oscillator, and obtain a reducible unitary rep- 
resentation of SU(2). Each energy level carries an irreducible unitary 
representation. This leads to a decomposition of the representation of 
SU(2), obtained by quantization of the harmonic oscillator, into direct 
sum of irreducible unitary representations. 

Classical reduction of the energy level, corresponding to an irre- 
ducible unitary representation, gives the corresponding coadjoint orbit. 
However, the representation obtained by Bohr-Sommerfeld-Heisenberg 
quantization of the coadjoint orbit gives a unitary representation of 
SU(2) that is the direct sum of two irreducible irreducible representa- 
tions. 

1 Introduction 

In the framework of geometric quantization we have formulated a quantiza- 
tion theory based on the Bohr-Sommerfeld quantization rules jl], |9]. The 
aim of this theory is to provide an alternative approach to quantization of a 
completely integrable system that incorporates the Bohr-Sommerfeld spec- 
trum of the defining set of commuting dynamical variables of the system. 
The resulting theory closely resembles Heisenberg's matrix theory and we 
refer to it as the Bohr-Sommerfeld-Heisenberg quantization 

In this paper we give a detailed treatment of Bohr-Sommerfeld-Heisenberg 
quantization of the 2-dimensional harmonic oscillator. We show that this 
approach to quantization yields all the usual results including the quanti- 
zation representation of U(2). We also reduce of oscillator symmetry of the 
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2-dimensional harmonic oscillator, quantize the reduced space, and discuss 
commutation of quantization and reduction in this context. 

Let P be a smooth manifold with symplectic form u. Consider a com- 
pletely integrable system (/i, ...,/„, P, w), where n is equal to |dimP, and 
fi,...,fn are Poisson commuting functions that are independent on an open 
dense subset U of P. If all integral curves of the Hamiltonian vector fields 
of fi, fn are closed, then the joint level sets of /i, /„ form a singular 
foliation of (P, u) by n-dimensional Lagrangian tori. The restriction of this 
singular foliation to the open dense subset U of P is a regular foliation of 
{U,uj\u)- 

Each torus T of the foliation has a neighbourhood W in P such that the 
restriction of a; to is exact, see appendix D]. In other words, u\w = d6w- 
The modern version of Bohr-Sommerfeld quantization rules requires that for 
each generator Fj of the fundamental group of the n-torus T, we have 

/ 9w = frtih for i = 1, n, (1) 

where nii is an integer and h is Planck's constant. It is easy to verify that 
the Bohr-Sommerfeld conditions are independent of the choice of the form 
Ow satisfying dOw = ^jJ\w- Intrinsically, the Bohr-Sommerfeld conditions are 
equivalent to the requirement that the connection on the prequantization line 
bundle L when restricted to T has trivial holonomy group [7]. 

Let S be the collection of all tori satisfying the Bohr-Sommerfeld con- 
dition. We refer to S as the Bohr-Sommerfeld set of the integrable system 
(/i; ■ ■ ■ 1 fniP-i^)- Since the curvature form of L is symplectic, it follows that 
the complement of S is open in P. Hence, the representation space of geo- 
metric quantization of an integrable system consists of distribution sections 
of L supported on the Bohr Sommerfeld set S. Since these distributional 
sections are covariantly constant along the leaves of the foliation by tori, it 
follows that each n-torus T G S* corresponds to a 1-dimensional subspace S)t 
of S). We choose a inner product ( | ) on so that the family {S^t | T G 5"} 
consists of mutually orthogonal subspaces. 

In Bohr-Sommerfeld quantization, one assigns to each ra-tuple of Poisson 
commuting constants of motion / = (/i, /„) on P an n-tuple (Qj^ , . . . , Qj^) 
of commuting quantum operators Q ioi 1 < k < n such that for each n- 
torus T & S, the corresponding 1-dimensional space S)t of the representation 
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space (io, ( I )) is an eigenspace for each Q^^ for 1 < k < n with eigenvalue 
fk\T- For any smooth function F G C°°(]R"'), the composition F{fi, /„) is 
quantizable. The operator Qp^f^ /„) acts on each S)t by multiphcation by 

F{fl, fn)\T- 

We assume that there exist global action-angle variables {Ai, Lfi) on U 
such that uj\u = d(^"^^ Ai d(fi). Therefore, we can replace 6w by the 1-form 
^21=1 equation ([T]) and rewrite the Bohr sommerfeld conditions as 

/ Ai dipi = rriih for each i = 1, ...,n. (2) 
Jr, 

Since the actions Ai are independent of the angle variables, we can perform 
the integration and obtain 

Ai = rriih for each i = 1, ...,n. (3) 

where h = h/2TT. For each multi-index m = (mi, ...,mn), we denote by 
the torus satisfying the Bohr-Sommerfeld conditions with integers mi, rrin 
on the right hand side of equation (|3]). 

Let Su be the restriction of the Bohr-Sommerfeld set S to the open neigh- 
bourhood U of P on which the functions /i, /„ are independent. Consider 
a subspace S^u of given by the direct sum of 1-dimensional subspaces 
S^Tm corresponding to Bohr-Sommerfeld tori Tm G Su- Let be a basis 
vector of iDr^- Each e„i is a joint eigenvector of the commuting operators 
{Qai^ • • • ) Qa„) corresponding to the eigenvalue {niih, . . . , rrinh). The vectors 
(Cm) form an orthogonal basis in S^jj. Thus, 



I e^O =0 if m 7^ m'. (4) 
For each i = 1, n, introduce an operator on S)u such that 

f^i^(mi,..„mi_i,mi,mi+l,...,m„) = ^{mi,...mi_-^,mi-l,mi+-^,...,m„). (5) 

In other words, the operator a.j shifts the joint eigenspace of (Q^^, . . . , Qa„) 
corresponding to the eigenvalue {rriih, . . . ,mnh) to the joint eigenspace of 
{Qa^j ■ ■ ■ 1 Qau) corresponding to the eigenvalue {rriih, . . . , mi_ih, {rrii — l)h, 
rrii+ih, . . . ,mnh). Let aj be the adjoint of aj. Equations M| and ^5n yield 



0'i^(mi,..,,mi-i,mi,mi+i,...,m„) — ^(mi,...m,i_i,mi+l,mi+i,...,m„) (6) 
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We refer to the operators and a| as shifting operators]^ For every i = 
1, n, we have 

Qa,] = ^ai6ij, (7) 

where 6ij is Kronecker's symbol that is equal to 1 if i = j and vanishes if 
i 7^ j. Taking the adjoint, of the preceding equation, we get 

The operators and a| are well defined in the Hilbert space . In [4j , we 
have interpreted them as the result of quantization of apropriate functions 
on P. We did this as follows. We look for smooth complex-valued functions 
hi on P satisfying the Poisson bracket relations 

{hj,Ai} = i6ijhj. (8) 

The Dirac quantization condition (|9| 

[Qf,Q,] = -thQ^f^,y (9) 

implies that we may interpret the operator aj as the quantum operator cor- 
responding to hj. In other words, we set aj = Qh^ This choice is consistent 
with equation ([s]) because ^ yields 

[QhpQAS = -ifiQ{h„Ar} = -i^Qis^.h, = SijhQf,^. 

Since u\u = ^1^=1 ^ ^fi^ follows that the Poisson bracket of e**^^' 
and Ai is 

{e*'^^ ,A,} = XA^e'^^ = ^^'^^ = t5,,e''^^ . (10) 



Comparing equations ([8j) and (10) we see that we may make the follow- 
ing identification = Qg»vi and a] = Q^-iv^ for i = l,...,n. Clearly, the 



functions hj = e^"^^ are not uniquely defined by equation ([8j). We can mul- 
tiply them by arbitrary functions that commute with all actions Ai, . . . , An- 
Hence, there is a choice involved. We shall use this freedom of choice to 
satisfy consistency requirements on the boundary of U in P. 



^In representation theory, shifting operators are called ladder operators. The cor- 
responding operators in quantum field theory are called the creation and annihilation 
operators. 
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2 The classical theory 

We now describe the symplectic geometry of the 2-dimensional harmonic 
oscillator and then reduce the oscillator symmetry, which is generated by 
its motion. 

The configuration space of the 2-dimensional harmonic oscillator is 
with coordinates x = {xi,X2)- The phase space is T*M^ = with co- 
ordinates {x,y) = {xi,X2,yi,y2)- On T*]R^ the canonical 1-form is = 
tji dxi + y2 dx2 = {y, dx). The symplectic form on T*]R^ is the closed nonde- 
generate 2-form u = d© = dyi A dxi + dy2 A dx2 whose matrix representation 
is 

dx\ I l2\ I dx 



The structure matrix yV(x,y) —( |'"""=j> I {^i.s'j} of the Poisson bracket { , | 
on C°°{T*R'^) is 

The Hamiltonian function of the 2-dimensional harmonic oscillator is 

E : T*R2 ^m:(x,y)^l (xl + yl) + l (xj + yl). (12) 

The corresponding Hamiltonian vector field Xe = (Xi, ■§^) + (-^2, J^) can be 
computed using —dE — Xe-I to = (X2, dx) — (Xi, dy). We get 

^i = f and X2 = -f. (13) 

Therefore the equations of motion of the harmonic oscillator are 

X = y and ij = —x. (14) 

The solution to the above equations is the one parameter family of transfor- 
mations 

,f w(^).((-;)f (r*;'^)(;) (15) 

This defines an action, called the oscillator symmetry, on T*M?, which is 
a map from M to Sp(4,M) that sends t to the 4x4 symplectic matrix A{t), 
which is periodic of period 27r. 

Since E is constant along the integral curves of Xe-, the manifold 

E-\e) = {(x, y) e I + y2 ^ 2e, e > 0} = ^J^^, (16) 
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which is a 3-sphere of radius v2e, is invariant under the flow of X^;. 

The configuration space is invariant under the action 5^ x — )■ 
: (t,x) RtX, where Rt is the matrix ~cost)- This map lifts to a 

symplectic action of 5*^ on phase space T*M^ that sends {x, y) to '^t{x, y) = 

{RtX, Rty)- The infinitesimal generator of this action is 

d 
dt 



Y{x,y) 



^t{x,y) = {-X2,xi, -y2,yi)- 



(17) 



The vector field Y is Hamiltonian corresponding to the Hamiltonian function 

Hx, y) = {y, {x2, -xi)) = Xiy2 - Xai/i, (18) 

that is, Y = Xl. L is readily recognized as the angular momentum. The 
integral curve of the vector field X^ on starting at (x, y) = (xi, X2,yi, I/2) 
is 



cos s sm s 

- sin s cos s 





\ 





COS s sm s 
y — sin s cos s ) 

which is periodic of period 27r. The Hamiltonian of the harmonic oscillator 
is an integral of X^. The symmetry \E' of the harmonic oscillator is called 
the angular momentum symmetry. 

Consider the completely integrable system [E, L, M^, bS) where -E (12) and 
L (18) are the energy and angular momentum of the 2-dimensional harmonic 
oscillator. The Hamiltonian vector fields 

= 2/iaf7+y2gf;-a;igf^-X2 4 and X^ 



corresponding to the Hamiltonians E and L, respectively, define the gener- 
alized distribution 



D : 



^ Tl 



{x,y) f-^ Df^^^y) = span{XE{x,y), XL{x,y)}. 



(19) 



Before we can investigate the geometry of D (19) we will need some very 



detailed geometric information about the 2-torus action 



$ : X 



{{ti,t2),{x,y)) ^ <^f^o<^f^{x,y) 



(20) 



generated by the 2tt periodic flows and y?^ of the vector fields X^ and X^, 
respectively. Using invariant theory we find the space V = M^/T^ of orbits 



6 



of the T^-action $ (20) as follows. The algebra of T^-invariant polynomials 
on is generated by ai = ^ {yf + xf + 1/2 + x^) and (72 = Xiy2 — X2yi- Let 
= ^ {yl + xl-yl-xD and = Xiyi + X2y2- Then al = al + al + ol> al- 
From the fact that cti > 0, we get (Xi > |cr2|. Thus if o"i = e > 0, then 
— e<£ = cr2<e. So the orbit space is the semialgebraic variety 
{(e,£) G I 1^1 < e}. As a differential space V has a differential structure 

equal to the space C°°(]R'^) of smooth T^-invariant functions on M^, that 
is, the space of smooth functions in (Xi and (T2. Note that the T^-orbit map 
TT : — )■ \^ C : (x, I— )■ {(Ti{x^ y), (J2{x, y)) is just the energy momentum 
mapping 

£M : ^ : (x, y) h-> {E{x, y), L{x, y)) 

of the 2-dimensional harmonic oscillator. Abstractly, the Whitney stratifica- 
tion of V is given by 

V2 = V \ Vising ^ Vi = Vsing \ (King) sing ^ = (King) sing ^ 0; 

where PKing is the semialgebraic variety of singular points of the semialgebraic 
variety W. In our situation V2 = {(e,£) G | |£| < g}, = {{e,i) e 
M2 I < |£| = e}, and Vo = {{e, i) e \ e = i = 0}. Then {V,-, j = 0, 1, 2} 
is the Whitney stratification of V. 

For j = 0, 1,2 let Uj = £Ai~^(Vj). It is straightforward to see that the 
isotropy group T^^y-j at {x,y) of the T^-action $ (20) is 



{e}, if{x,y)eU2 
Tj,^)=<; S' if(x,y)Gf/i 
T2, if(x,y)Gf/o. 

Thus {Uj, j = 0, 1, 2} is the stratification of by orbit type, which is equal 
to T^-symmetry type where all the isotropy groups are equal, since is 
abelian. Because Vj is the image of Uj under the energy momentum map, 
we see that Uj is the subset of where the rank of DEAd is j. Since 

J{x,y) ■ T(,,,)M^ ^ T(;_^)M^ : XE{x,y) ^ dE(x,i/), 

is bijective, it follows that 

A\mD(^x,y) = dimspan{di?(x, y), dL(x, y)} = rankZ}£A1(x, y). (21) 
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Therefore Uj is the union of j-tori for j 
momentum level set of SAi. 



0,1,2 each of which is an energy- 



We turn to investigating the generalized distribution D (19). Since u{Xe, 
Xl) = {E,L}, we see that for every {x,y) G we have uj{x,y)D(^x,y) = 0. 
Thus every subspace Di^^^y) in the distribution D is an w-isotropic sub- 
space of the symplectic vector space (T(a.^y)M^, Ci;(x, y)) . If (x,?/) G Uj then 
dimD(^,^) = j. So if {x,y) G U2, then -D(a;,y) is a Lagrangian subspace of 
[T(^^^y)M^,u{x,y)). If U(^x,y), V{x,y) ^ D(^x,y), then thinking of U(^x,y) and V(x,y) as 
vector fields on TM'^ we obtain [ui^x,y),V(x,y)] = 0, because their flows commute. 
Thus D is an involutive generalized distribution, which is called the energy- 
momentum polarization of the symplectic manifold (]R^,a;). The leaf (= 
integral manifold) L(^x,y) of the distribution D through the point {x, y) G 
is diffeomorphic to T'^/T'^^^y In particular we have 




if (x, y) G U2 
if {x,y) G Ui 
if {x,y) G Uq. 



Thus D is a generalized toric distribution. Note that the leaves of each 
of which is an energy-momentum level set of EM., foliate the strata Uj for 
j = 0, 1, 2. Thus the space W^/D of leaves of D is the orbit space V. 




Figure 1. The bifurcation diagram of the energy momentum map. 

We collect all the geometric information about the leaves of the gener- 
alized distribution D in the bifurcation diagram of the energy momentum 
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map of the 2-dimensional harmonic oscillator above. The range of this map 
is indicated by the shaded region. 

We now find action-angle coordinates for the 2-dimensional harmonic 
oscillator. Let 

Xi = ^(ricos??! + r2COS'i92) yi = ^^frisin-i^i + r2sm-&2) 

V V (22) 

X2 = -^{-ri sint^i + r2 sm{}2) 1/2 = 73 ("'^i cos-i^i + r2 008^2)- 

A computation shows that E{r,i)) = h {rf + rl) and L{r,i)) = | (rf — rg) 



and that the change of coordinates (|22|) pulls back the symplectic form co 

'1 



d|/i Adxi-|-d|/2 Adx2 to the symplectic form fl = d(| rf) Ad'i9i + d(^ r|) Ad'i92- 



Let 

= i = I {E{r, ^) + L{r, ^)) > 

and 

A2 = lrl = ^ {E{r, ^) - L{r, ^)) > 0. 

Then (Ai, ^2, t^i, ^^2) with Ai > 0, and > and symplectic form Q = 
dAi A d'&i + dA2 Ad'd2 are real analytic action-angle coordinates for the 2- 
dimensional harmonic oscillator. These coordinates extend real analytically 
to the closed domain Ai > and A2 > 0. 

Let have coordinates = (ri cos-i^i, ri sin-i^i, r2 cos'(92, ''"2 sin'(?2) 

with symplectic form drji A d^i + d?72 A d^2 = ri dri A d + ri dr2 Ad{}2- For 
J = 1,2 let Zj = C,j + "iVj = Tje^^K Then becomes with coordinates 
(zi, ^2)- The flow Lff of the vector field Xe becomes the complex S'^-action 

: X ^ : {t,{zi,Z2)) ^ {e''zi,e''z2). 

The algebra of S^-invariant polynomials on is generated by 

TTl = Re2lZ2 1T2 =lmZlZ2 its = | (Zl^l — 2222) T^i = \ (^1^1 + Z2Z-i) 

subject to the relation 

^1 + ^2 = 1^1 ^2 r = (2:1^1) (^2^2) = (vr4 + vr3)(7r4 - vrs) = nl - nl, -n^ > 0. 
Note that L expressed in the r]) coordinates is 713. 
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Using the Poisson bracket on C°°(M'') we get the structure matrix W{Tr) — 
({tTi, TTj}) of the Poisson bracket on with coordinates (tti, . . . , 774), namely 







7r2 




7r4 







27r3 


-27r2 





7r2 


-27r3 





27ri 







2712 


-27ri 








774 















Table 1. The Poisson bracket on C°°(M4). 



3 The Hopf fibration and reduction 

In this section we discuss the Hopf fibration, which is the reduction map of 
the harmonic oscillator symmetry of the 2-dimensional harmonic oscillator. 

Let 5V = {(^, V) ^'^'^\^i+Vi+^2+V2= 2e} be the 3-sphere of radius 



2e 

2e and let = {tt e | tt? + 7r| + tt^ = e^} be the 2-sphere of radius e. 
The map 

p:S'^^CR^^S!cR':C={^,7])^7r= {n^{C), n^iC), n,{C)) (23) 

is called the Hopf fibration. Let n & S^. Then p~^(7r) is a great circle on 
S'^— . We prove this as follows. 



Case 1. vr G \ {(0, 0, -e)}. Suppose (^, ^7) G p~^(7r). Since + r^^ + C| + 
r)2 = 2e and + rji ~ ^2 ~ V2 = '^'^3 it follows that + 77^ = e + 7r3 > 0. 
Therefore we may solve the linear equations 



-vi ii) Km) V^2 



(24) 



to obtain 



7ri6 - '^2Vi - (e + 7r3)^2 = 

T^2il + T^lVl - (e + T^z)ll2 = 0. 

The above equations define a 2-planc H'^ in M'', since -(e+T^s) ^ 

has rank 2. Hence p~^(7r) C H'^ fl S^^. Reversing the argument shows that 
H'' n C p~^(7r). Thus p~^{n) is a great circle. 
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Case 2. tt = (0, 0, -e). Then ^j + r]'f = which imphes = rji = 0. Thus 
p-\7i) = {(0,6,0,7^2) e I + = 2e}, (25) 

which is a circle. Because p^^(7r) = fl {^1 = rji = 0}, it follows that 
p~^(7r) is a great circle. 

Each fiber of the Hopf fibration is an integral curve of the harmonic 
oscillator vector field Xe of energy e. Thus the space E~^{e)/S^ of orbits of 
the harmonic oscillator of energy e is S'^. In other words, the Hopf fibration 
p (23) is the reduction map of the symmetry of the harmonic oscillator 
generated by the vector field Xe- 

Consider a smooth function K : — )■ M, which is invariant under the fiow 
of Xe- Then K is an integral of Xe, that is, £xe^ = 0- Moreover, there is a 
smooth function : — )■ M such that K{C,, rj) = K{tti{^, 77), 7r2(^, rj), 7r3(^, rj), 

Since {ttj, tt^} = for j = 1, . . . , 4, we obtain 

~ ^ dK ^ ^ dK ~ 

TXj = {TTj, K} = J]{7r,-, TTfc}^ = 2 5Z Zl^J^'a^ = 2(Vir X vr), 

k=l ^ k=l 1=1 ^ 

for j = 1, 2, 3 and 774 = 0. 

Restrict the function K to E^^{e) and define i^'e(7ri, 7r2, 773) = K{'Ki, tt2, tts, 
e). Set TT = (771,772,773) G M'^. Then 77 = 2{'VKe x 77) is satisfied by integral 
curves of a vector field X on defined by 

X(77) = 2(V^e X 77). (26) 

The 2-sphere is invariant under the fiow of the vector field X, because 

£^{n, 77) = 2(77, 77) = 4(77, V^e(vr) X 77) = 0. 

The structure matrix of the Poisson bracket { , } on C°^(]R'^) is 

-773 772 

W^(77) = ({77,, 77,}) = -2 I 773 -n, I (27) 

-772 TTl 
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Since kerW^n) = span{7r} and T^.S'^ = spanjTr}"'", the matrix W{7i)\T^si is 
invertible. On S'^ define a symplectic form Ue{'n'){u,v) = {{W{7i)'^)^^u,v) , 
wliere u,v E Tt^S^. Let y G T^Sg. Since Wiji)^!! = 2tt x y = z we get 

IT X z = TT X (27r X y) = 271- X {tt X y) 

= 2{n (tt, y) -y (vr, tt)) = -2y (tt, vr) = -2e^ y, 

whicfi implies y = (^^(vr)"^)"^^; = — x z. Tlierefore 

Ue{n){u,v) = (tt X u,v) = {n,u x v). (28) 



Tlie vector field X (26) on {S'^,Ue) is Hamiltonian with Hamiltonian 
function Kg, because 

UJe{'IT){X{7v),u) = -jz (vr, {VKe X Tt) X u) = - {tV X (V^e X Tr),^) 
= -dKe{7T)u, 

where u,v E T^S"^. 

Since L is a function which is invariant under the flow (pf of Xe on 
E~^{e), it induces the function tt^ = tt^IS"^ on the reduced phase space S^. 
We look at the completely integrable reduced system {tts, S^,Ue). 

The flow of the reduced vector field X:^,_^{7i) = 2(e3 x vr) on C is 

^cos 2t - sin 2t 0\ 
^9^^3(71) = e^^^^TT = ( sin2i cos2t TT, 

1/ 



where n E and =(i o o). Note that is periodic of period vr. 

\0 0/ 

Therefore an integral curve of X^fg on S"^ is either a circle or a point. For 
\i\ < e we have vr-^ ^(£) is the circle {(tti, 7r2 , G S'g | vt^ + VTg = — while 
when i = ±e, we see that 7r~^(£) is the point (0, 0, ±e). 

Introduce spherical coordinates 

TTi = e sin 6 cos 2-?/', = e sin 6 sin 2?/;, and 713 = e cos 6 
with < < TT and < < vr. Therefore the reduced symplectic form on 



2 

Ue = --(e^sin6') d9 Ad^j, 
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that is, Ue = ^vols2. Here V0I52 is the standard volume 2-form — ^(vr,^ x v) 
on S^, where 71 E S"^ and u, f G T^^S"^. Note that V0I52 = Aire"^. 

Following our convention, for i = 1,2, 3, we denote by tTj the push-forward 
to S'g of the invariant function tTj on M^. We now explain why the functions 
TTi satisfy commutation relations for su(2). Consider the Poisson algebra 
A = (C°°(]R^), { , }jg3, ■), where M.^ has coordinates (tti, 7r2, tts), the Poisson 
bracket { , }jg3 has structure matrix W{tt) = {{7Tj,7ik}) =(-2^3 ^0" al?], 

and ■ is pointwise multiplication of functions. Since C = vr^ + 7r| + 7r| is 
a Casimir of A, that is, {C, vrj}jg3 = for i = 1,2, 3, it generates a Pois- 
son ideal X of A. Observe that I = {f e C^iR^) \ /I52 = 0}, where 
^2 = C-i(e). Therefore B = = C°^{R^)/I,{ , j^,,-) is a Pois- 

son algebra, where {f,g}g2 = {f,g}^3\s^ and / h-?- / is the natural pro- 
jection map of C°°(M3) onto C^iS^). Note that / = f\si, because ev- 
ery smooth function on M.^, which vanishes on 5'g, is a multiple of C by a 
smooth function on M^. Consequently, the structure matrix W of the Pois- 
son bracket | , |c,2 is (-2^3 ^0^ 2%^], where tTj = 7rj|52. In other words. 



{7rj,7rj}^2 = 2 X]fc=i ^ijfcTTfc, which are the bracket relations for su(2), as de- 
sired. 

To see why the reduced phase space S"^ is symplectomorphic to a coadjoint 
orbit of SU(2) we refer the reader to the appendix. 

The Hamiltonian vector field X^._^ is because 

Xji-^ _i We = e sin 6 d6 = — d(e cos 6) = — dif^ = — da. 

Note that the flow of on 5'g is periodic of period vr. On \ {(0, 0, ±e)} 
we have 

da A dip = dTTs Adip = d(e cos 6) Adip = e sin 9 dip A d9 = Wg. 

Thus (tts, ip) are real analytic action-angle coordinates on 5'g \ {(0, 0, ±e)}. 
For later purposes we now show the inverse image under the harmonic 



oscillator reduction map p (23) of the reduced level set ^^^{i), which is the 
circle {{ni,'K2,i) G 5g | vr^ + 7r| = — when \i\ < e, or the point 
(0,0,sgn£), when \i\ = e, is the 2-torus T^^ labeled by the actions Ai = 
c^i = I and A2 = a2 = \ {e—t), when \l\ < e, or the 1-torus T^^ g, where 

ai = 2e when i = e or the 1-torus Tq^^, where 02 = 2e when —i = e. Suppose 
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that \i\ < e. Because + = e + £ > we can solve the hnear equations 
( 4; ) ill) = in) ob^^i'^ ^2 = ^teTTi-r^iTTa) and r/2 = ^(r/iTTi+avrs). 
Thus p^^(TT^^{i)) is equal to 

Clearly p~-'^(7r^^(^)) is contained in A~^(ai) = (e + £)). Since 

it follows that 

P"'(^3"'W) is contained in ^-^(aa) = A-\\ (e - £)). There- 
fore p~^iTT^\i)) = A~^{ai) n A-\a2) = T^^a^- The first equality holds 
since p~^{7r^^{i)) is diffeomorphic to a 2-torus. Suppose that \i\ = e, then 
{ 1 + i = °' 'f-^ = = . So p-^TT^V^)) is the circle ( 1 + ^ = 2=' ., that is, 

the 1-torus T^^=e if = 6, or the 1-torus Tq ^^=6 if ~^ = ^• 



4 Quantization of the 2d harmonic oscillator 

Following the general procedure outlined in the introduction and detailed in 
[IJ , in this section we describe the Bohr-Sommerfeld-Heisenberg quantization 
of the 2-dimensional harmonic oscillator in the energy-momentum represen- 
tation. In §2 we have shown that action-angle coordinates are {Ai, A2,'&i, 
■(92), where 

Ai = l{E + L)>0 and A2 = - L) > 0. (29) 
Bohr Sommerfeld conditions applied to these action-angle variables are 

y Ai di!}i = mh and j) A2 = nh, (30) 

where m and n are integers, and h is Planck's constant. Since the actions 
are independent of the angles, we can integrate equation (30) to get 

Ai = mh and A2 = nh, 

where h is Planck's constant divided by 27r. According to Bohr and Som- 



merfeld, equations (30) give the joint spectrum {{mh,nh} of the quantum 



operators Q^i and Q^a corresponding to the dynamical variables Ai and A2, 
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respectively. Since the actions Ai and A2 are nonnegative, the joint spec- 
trum of the quantum operators (Qai, QA2) is the quarter lattice {{mh, nh) e 

/i(Z>o X Z>o)}. 

Let S) be the Hilbert space of states of the quantized harmonic oscillator. 
We assume that the family {em,n Gi3|m>0,n>0}of vectors is an 
orthogonal basis in S^. For each basis vector em,n of i^, the 1-dimensional 
subspace of spanned by e^,„ corresponds to a 2- torus labeled by the actions 
(^1,^2) whose values are h{m,n). 

o4 • • • • 
03 • • • • 
o2 • • • • 

ol • • • • 



1 2 3 4 02 



Figure 2. The quantum lattice for the joint spectrum of 
the quantum operators (Qyi^Qyia) of the 2-dimensional 
harmonic oscillator. The axes are in units of h. 

For each {m,n) in the first quadrant of Z^, we note that the vector e^^„ 
in i3 satisfies 

and 

QLCm,n QAi^m,™ QA2^m,n ^)^(^m,n' 

Then ((m + n)h, {m — n)ti)) with (m, n) e Z>o x Z>o is the joint spectrum 
of the quantum operators (Qb, Ql). 

Since Q^; and commute, they span a 2-dimensional abelian Lie algebra 
t^. For every nonnegative integer A'^ let ^^at be the subspace of spanned by 
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the vectors Cmn where m + n — N. Then — ©jv>o-^^ orthogonal 
direct sum decomposition of into A^ + l-dimensional t^-invariant subspaces. 
Because every basis vector of i^jv is an eigenvector of Ql, this representation 
of is reducible. 

Following the general theory outlined in the introduction, for j = 1,2 
define the shifting operators and {ajY by 

These operators correspond to quantum operators aj — Q^Uj and (a^)^ = 
Q^-i^j . However, the functions e^'^'^^ do not extend smoothly to the origin 
(0,0) in C M"' with coordinates {Cj,rjj). On the other hand, the complex 
conjugate coordinate functions 

= + ^ Vj = fj^^^^ and Zj = ~ i r]j = rjC"*'^^' for j = 1, 2, 

are smooth on all of M*^. Moreover, they satisfy the required Poisson bracket 
relations: {zj,Zk} = {zj,Zk} = and {zj,Zk} = —2iSjk. Therefore, we may 
introduce new quantum operators and , where 



\/2mh em-i,n- when m > 1 
0, when m — 



^ _ j \/2nh em,n-i, when n>l 

\ 0, whenn = 



(31) 



Now consider polynomials tti = ReziZ2, n2 — Im^i2;2, 712 and 773 = 
I (^i-^i — Z2Z2) — L, which are invariant under the action {t, z) i->- e'^^z, 
generated by the flow of the Hamiltonian vector field Xe- Look at the cor- 
responding quantum operators Q^^ , Qjr2 , and Qtts . Then 

Q27riCm,n — ^ziZ2^Tn,n ~l~ ^ziZ2^m,n — ^zi^Z2^m,n ~l~ ^zi^Z2^rn,n 

) + Q^,(v/2(m + l)n 

6m,n— 1) 

= 2h[^m{n + 1) e^_i,„+i + ^/(m + l)nem+i,n-i), 
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Similarly, Q2i7r2 em,n = 2h{^Jm{n + 1) 

t-m— l,n+l 

- y/m + l,nem+\,n-i) and 
Q27r3 em,n = 2(m — n)hem^n- The following calculation shows that the quan- 
tum operator Qtt^ on the Hilbert space \ )) is self adjoint. 

~ Q^2^^1^"*i'* Q-^^l ^"ii'^ 

= ^y2{m + l)hQz^em+l,n + V2mh Qz^e^-i,n 



= 1^{m + l)nfiem+i,n-i + 1^m{n + l)fie,„_i,„+i = Q27riem,n- 
Similarly, the linear operators Q^r^. for k=2,3,4 are also self adjoint. 

We now show that the operators Q^^, Q^j) and Qtts satisfy the commu- 
tation relations 

[Q7ri)Q7r2] ~ "^(2Q7r3)) [QTruQTra] — ~"^(2Q7r2)) [Q7r2)Q7r3] = ^I^Qtti)) 

which define a Lie algebra that is isomorphic to su(2). 
We compute 

[Qtti ) Q7r2] ^m.,n Q7riQ7r2 ^m,n Q7r2 Qtti 6m,n 

= Q^rif (V'm(nTT)e„_i,„+i - A/(m + l)ne„+i,„_i) 
- Q^2/i(A/m(n + 1) 

f'm— 1,71+1 

-|- \/(m -|- l)nem+i,n-i) 
= \^m{n \)n[\J {m - l)(n 2) e^_2,n+2 + A/m(nTl) e^,„) 

- fv'm(n-M);i(V'(m-M)ne^,„ y(m 2)(n - 1) e^+2,n-2) 

- h-\/m{n + l)^{-\/{m- l){n + 2) e^_2,„+2 + ^//^(n -M) e„,„) 

- (m + l)nf (m l)n e^,„ \/(m 2)(n - 1) e^+2,n-2) 
= f(2n(m - n) em,n) = f (2Q^3)e^,„. 

Similarly [Qtti, QTralem.n = ~j{2(^^^)em,n and [Q7r2) QTralCm.n = ^{2(^ni)^m,n- 

We can rewrite these commutation relations as 

Q-a] = -^^(2Q.2), 

[^Q..,r.Q-3] = i^(2Q.J. (32) 

Thus we obtain the following representation of su(2) on by skew hermitian 
operators 

Jl : su(2) ^ u(io, C) : ^Q,, ^ /I(^Q.,), 
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where /i(^Q^J is the skew hermitian operator — i- : e^.n H- ^QTTjCm.n- 

A straightforward computation shows that the quantum operator Qe 
commutes with the quantum operators for j = 1,2,3. Thus in addition 
to the bracket relations (32) for jf^Qnj, j = 1, 2, 3 we have the relations 

[i-,QE,i-M=0, for j = 1,2,3. (33) 



The bracket relations (32) and (33) define the Lie algebra u(2). 

Therefore we obtain the following representation of u(2) on the Hilbert 
space {S),{ I )) by linear skew hermitian maps 

a : u(2) ^ u(iD,C) : 

■ ^Q.^,, j = 1,2,3 [ im^.), J = 1,2,3, 

where //(^Qb) : ^ : em,n ^ ^Q^e^.n- 

Recall that S^n = sp^^'^ci^mn £ ^ | m + n = N}. Then Sjf^f is a complex 
[N + l)-dimensional subspace of S^, which is invariant under Q^;, being its 
eigenspace corresponding to the eigenvalue Nh. Therefore = ^j^^qS) n is 
an orthogonal direct sum decomposition, because is self adjoint. Since 





QTriCm.n = ( Vm(nTI) ^m-l.^+l + A/(m + l)nem+l,n-l) 

Qvraem.n = j{\/m{n + l)e„_i,„+i - \/ (m + l)ne„+i,„_i) 

Q7r3*2m,n fi(Tn fl)(im,n 

it follows that for j = 1,2,3 the linear skew hermitian quantum operator 
^Qtt maps Sjn into itself. Thus for j = 1,2,3 the linear skew hermitian 
operators ^QTr^ lfuv define a representation of su(2) on S^^, which is clearly 
irreducible. So we have decomposed the representation of u(2) on into a 
sum of irreducible u(2) representations. 



5 Quantization of the reduced system 

For fixed e > we quantize the classical system (tts, S^,Ue) obtained by re- 
ducing the harmonic oscillator symmetry of the Hamiltonian system (L, T*M^, 
u), see §3. We want to understand the relation of its quantum spectrum to 
the quantum spectrum of the 2-dimensional harmonic oscillator. 
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Recall that (Sl^cUe) is symplectomorphic to a coadjoint orbit of SU(2). 
Moreover, functions 7ri,7r2,7f3 correspond to evaluation of elements of the 
orbit on a basis of su(2), see appendix. Hence, quantization of the system 
{tt^, S'^,Ue) should lead to a representation of SU(2). 

We assume that the symplectic manifold {S^,(x!e) is prequantizable. In 
other words, for g e Z we have 

qh^ 0Je = Ye I = ^(47re^) = 27re, 

Jsi Jsi 

that is, < e = qh, where ^ = Thus is a fixed nonnegative integer. 

The Bohr-Sommerfeld conditions for the integrable reduced system (tts, 
ySg, uie) in action-angle coordinates {a,ip), see §3, are for p e Z 

ph= (f adij = i f 2 dV' = 27ri. 

The second equality above follows because the curve [0, tt] — )■ S'g : h- >■ 
(Ve^ — P cos 2^, ^/e"^ — P s'm2^, t) parametrizes a~^{i). Thus i = ph. Since 
£ = TTs cos 9p and | cos 9p\ < 1, it follows that \i\ < e, which implies \p\ < q and 
cos 6p = ^. So the Bohr-Sommerfeld set Sq for the reduced integrable system 
{■K3\S^fi,S^f^,ujqn) with q e Z>o is 

Sq — { {qh sin 9p cos 2^0, qh sin 9p sin 2^^,^/^) e I e Z with IpI < g}. 

The set Sq is a disjoint union of 2g — 1 circles of radius (^/g^ — p'^)h when 
|p| < q and two points (0, 0, ±g^) when p = ±g. 

Let Cp^q with \p\ < g be a vector in S)q which corresponds to the 1- 
torus {(gfisin^pC0s2'?/', gfisin^pSin2^/',p/i) G S'^}-^\ip G [O^^]} in the Bohr- 
Sommerfeld set Sq. Define an inner product ( , ) on i^g so that {ep^q\ep' ^q') = 
^ip,g),ip',g')- Proni now on we use the notation ttj, j — 1,2,3 for TTjjS'^^j. For 
each integer p with \p\ < q we have 

Q^S^p^q = COS 9p Cp^q = pk Cp^q. (34) 

So 9)q — span{epg | |p| < g} consists of eigenvectors of Q^fg. 
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We want to define shifting operators and a^ on Sj so that 

^p,q ^p—l,q &Ild a^ Gp q Cp_|_i g 

By general theory, we expect to identify the operators a^ and aj with the 
quantum operators Qeiv- and Qe-»i^ , respectively. However, the functions e^*^ 
are not single-valued on the complement of the poles in S'^^v order to get 
single- valued functions, we have take squares of e^*'^, namely the functions 
g±2i?/)^ The functions e^*'^ do not extend to smooth functions on 5"^;^. However, 
the functions 

TT-t = {\J {qhY — TrDe^^*'^ = g/i sin 6' cos 2?/^ ± z g/i sin 6' sin 2-?/' = tti ± Z7r2 
do. Moreover, we have 

{Tfi^TTs} = {ttiiTTs} ± ^ {71^2, TTs} = 27^2 ± 2z7ri = ±2i{Tli ± ^2) = ±2i7r±. 

Under reduction the quantum operator ^Qe corresponds to the reduced 
quantum operator ^Q?F4 and the quantum operator ^Ql corresponds to the 
reduced quantum operator ^Q^a- 

As in the discussion of quantization of coadjoint in PJ, we can define 
shifting operators Q^^ as follows. Set 

Qn+Gp,q = bpep-2,q and Q-^Cp^q = 6p+2 ep+2,5 

and 

where 6p G M and 6_g = = 6^+2 • Then 

Qt?-!- Qtt- Cp^q ^p+2Q7f_|.Cp+2,(j ^p+2 ^PiQ and Q5f_ Q^_|_ 6p^q ^pdp^q' 

So 

7r+) Q7f_]f^p,g Qw+Qif- f^p,(j QTr_Q7f+ (^p+2 ^p^dp^q- 

From 

{7f+,7r_} = {tTi +m2,7ri -i7r2} = -2i{7fi,7r2} = -4:iTT3 

it follows that we should have 

[Qw+,Qw-] = -«^Q{5f+,5f_} = -i^Q-4i5f3 = -4/iQ^3. (35) 
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Evaluating both sides of equation (35) on Cp^g gives 

for every p = —q + 2k, where < A; < g and A; G Z. In particular we have 
-Ah^q = hl^^-h] = -hi, since hq+2 = and -Ah^{-q) = bl^^^-blg = bl^^^, 
since b-g = 0. Now for every p = —q + 2k, where k E {0,1,2, ... ,q} we have 

K = {bi - bi_,) + {bi_, - bi,) + ■■■ + {bi^^, - bi^) + b\ 

= -Aff{p - 2) - Aff{p - 4) + ■ ■ ■ + -Ah^{-q), since b_g = 

k 



-4:h^'^{p - 2i), since p=-q + 2k 



=1 

= -Ah^{pk -{k + l)k) = Ah^k{q + I - k) 
= h\p + q){q-p + 2). (36) 

Therefore when p G {—q, —q + 2, —q + 4, . . . , g — 2, q} and 2k = p + q we 
have 

Q^F+Cp.g = bpep-2,q = 2;i^A?(g"+T^^ep_2,<7 
= h^/{p + q){q-p + 2) ep_2,g 



and 



Q^_ep,g = bp+2 ep+2,g = 2h^/{k + l){q- k) Cp+a,, 



We now show that equation (35) holds. We compute 

= - &p)ep,g = ((/c + l)(g - fc) - A;(g + 1 - fc))ep,g 
= -Ah^{-q + 2k)ep^q = -Ah^pCp^g = -AhQ^^Cp^g. 

Since tti = ^ (tt^ + 7f_) and = ^(7r+ — tt-), we get 
and similarly 

Qv2^p,q = Yi^P '^P-2,g ~ ^ ^p+2,q- (37) 
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The following calculation shows that the linear operator Q^f^ is self adjoint 

on ^q. 

Similarly, the operators Q^^. for A; = 2,3,4 are self adjoint. 

The operators Q^fj, Q5f2, and Q5f3 satisfy the commutation relations 

[Qwi,QwJ = -ih{2Q^J, [Q5F,,Q5F3] = -ih{2Q^J, [Q^^QnA = ih{-2Q^J, 

because 

■Kn Q5f2]^p,g Q5fiQ5f2^p,g Q7f2 Q''?! ^P,9 

2 ^pQTf2^p— 2,1} 2 ^P+2Q7f2^p+2,q' 
~ 2i^p(2 ^"^-2 ep-2,g + 2 ^P.?) 

~ ^^p+2(| ^p+2 Cp+2,g + \ &P+4 ep+4,q) 

~ 2^p( 2i^P-2 ^p-2,g ~ 2i^P ^P-?) 

— |^p+2(^&p+2 ep_2,g — Yi^p+Aep,q) 

= iM - 2bl^,)e,,q = -ih{2ph)e,,q 

Similarly, 

[Q5r2 5 Q^fs] ^Pi9 (2Q^^)(ip^q and [Qthd Q^sjCmj^ iH "ZQ—^^Cp q. 

Therefore the skew hermitian operators ^Q5fi, ^Q7f2) ^Q^fs satisfy the 
bracket relations 

(2QW3), [jkQ^^, jkQ^s] = ik(-2Q5fJ, [ikQ^2, = jk(2Q5fJ, 
which defines the Lie algebra su(2). Compare with table 1. 

Next we construct a representation of su(2) by skew hermitian linear 
operators. The bracket relations show that for j = 1, 2, 3 the mapping 

Jlq+i : su(2) ^ n(^q,C) : ^Q^^ Jlq+i{^Q^.), 

where /Ig+i(^<35fJ : ^ : Cp^g H- j^Q^^Cp^q is a faithful complex 2g + 1- 
dimensional representation of su(2) on S^q by skew hermitian linear operators. 
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Figure 3. The quantum lattice for the 2-dimensional 
harmonic oscillator after reducing the oscillator symmetry. 
The axes are in units of h. 

This representation is can be decomposed into a sum of two irreducible 
representations as follows. Let 

n n 

^° = ® span{(Q^^)™e5,J = span{eg_2p,J 

m=0 m=0 

and 

n— 1 n— 1 

= ® span{((5^^)'"eq_i,5} = ^ span{eg_i_2p,g}. 

m=0 m=0 

Then, S^^ and i^J are irreducible representations of su(2) of dimension q + 1 

and q, respectively. Moeorever, S^q = S^^ (B S)q- Thus, Bohr-Sommerfeld- 
Heisenberg quantization of coadjoint orbits of SU(2) leads to a reducible 
su(2) representation by skew hermitian operators. 

Using the Campbell-Baker-Hausdorff formula and the fact that SU(2) is 
compact, we can exponentiate the representation Jlq+i to a unitary represen- 
tation Rq of SU(2) on S}q. For more details see [4J. 
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6 Quantum reduction 



We now discuss the explicit relation between the Bohr-Sommerfeld quan- 
tization of the 2-dimensional harmonic oscillator and the Bohr-Sommerfeld 
quantization of the reduced systems. Recall that the Bohr-Sommerfeld quan- 
tization of the 2-dimensional harmonic oscillator gives rise to the skew her- 
mitian quantum operators 

c-m— l,n+l 

-|- ■\/{m-\- l)n 

Qvraem.n = f ( Vm(n + 1) e„_i,„+i - ^(m + l)n e^+i,„_i) 

{m + n)hem,n (39) 

on the Hilbert space S) = {e„^„ | m > O&n > 0} with inner product ( , ). 
Operators, Qjn, Qttj and Qttj generate a representation of su(2), which inte- 
grates to a unitary representation of SU(2) on S). We have seen that Qt^, Q,r2 
and Q^ra commute with Q^j-^ — Qg. Hence, fixing an eigenvalue e — qh oi 
Qe, for some q = 0, 1, we get an invariant subspace Sjg of carrying a 
unitary representation Ug of SU(2). It follows from the equations above that 
q = m + n, for m > 0, n > 0. Hence, 

Sjq = span{e^,„ | m + n = q, m>OLn>0} = ^ span{e^,g_„} 

m=0 

has dimension q + 1. We shall show that the representation Uq on S^q is 
irreducible. Consider the quantization of the reduced symplectic manifold 
{Sl,Ue) corresponding to e = qh. We get the quantum operators 



Q^iep,g = \ {p + q){q~P + 'i)^p-2,q + + g + 2)(g - p)ep+2,g) 
Q^2ep,g = V(p + - P + 2) ep_2,g - V(P + 9 + 2)(g-p)ep+2,g) 

on the Hilbert space S)q — {cp^q | \p\ < q} with inner product ( , ). 

To each em,n £ ^q, we associate e^-n.m+n £ By definition of S)q, 
we have m + n — q. Since — (m -|- n) < m — n < m + n, it follows that 
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\m-n\ < m + n ^ q. Therefore, em-n,m+n = em-n,q e ^q- This yields a 
linear map from Iq : S)q ^ Sjg. The range of this map is 

^9 ( © span{e^,q_„i} j = ^ span{Iqem,q-m} = © span{e2m-?,9} = -^J- 

m=0 m=0 m=0 

Let 2^ : — > the restriction of Xq to codomain i^^- The map 2^ is 
bijective, because its inverse is given by Cp^g i-> ei^^^^^ Now 

( Q7f4 ° ) ^m,n Q7f4 6m—n,g — Qp'^m—n,q — ~l~ ^)^-^q^'m,n (-^°QE)Cr7i,n 

and similarly (Qs:3o2^)e^,„ = (^oQL)er„,n- Also 

7ri° -^)^m,n Qwi^p^g 

= I hXl{^2m{2n + 2) e^_i,„+i + V(2m + 2)2ne^+i,„_i) 

— (-2^° Q7ri)6m,n 

and similarly (Q^fjo^^ )6m,n = (2^g°Q7r2)6m,n- Note that the quantum spec- 
trum of the quantized reduced system on the horizontal line e = in figure 
3 corresponds to the diagonal line e = m + n in figure 1 of the quantum 
spectrum of the quantized 2-dimensional harmonic oscillator. 

The operator X° : i^^ — )■ conjugates the representation of su(2) gener- 
ated by the skew hermitian operators Q^fi, ^ Q?F2) jfi Q^s) -^g 
representation on S^q generated by the skew hermitian operators Qtti, ^ Qtt 
|r Ql}- Since, the representation of su(2) on is irreducible, it follows that 
the representation of su(2) on 9)q is irreducible. 

We can extend the representations of su(2) discussed here, to a repre- 
sentation of u(2) by adjoining the operator Qg, which commutes with 
^ Qtti, ^ QyTa, ^nd ^ Q^. We Can decompose the Hilbert space of our quanti- 
zation of the harmonic oscillator as follows — 0q>o ^q, where S^g — {e^^„ e 

S)\m + n = q}. Let = 0g>o^° and X° : i3 ^ : e^,„ X^+„e„,„. 
The preceding discussion gives a decomposition of the unitary representa- 
tion of U(2), obtained by Bohr-Sommerfeld-Heisenberg quantization of the 
harmonic oscillator, into irreducible unitary representations of U(2), each of 
which occurs with multiplicity 1. 
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We have shown that in 2- dimensional harmonic oscillator, each irreducible 
component of the quantization representation of U(2) can be identified from 
the quantization of the corresponding coadjoint orbit reduced system using 
the inverse image of the momentum map J : M'^ — )■ su(2)*. Therefore, one 
could say that the Bohr-Sommerfeld-Heisenberg quantization of harmonic 
oscillator commutes with reduction]^ However, we have to remember that 
this notion of commutation of quantization and reduction is weaker than that 
used by Guillemin and Sternberg [6] because in our case the quantization of 
the reduced space has a component i^^, which does not occur in i^g. 



7 Appendix. Facts about SU(2) coadjoint orbits 

The linear action of SU(2) = {U =['^ Gl(2, C) | \a\^ + = 1} on 



with coordinates z = (-21,2:2) given by SU(2) x — t- : {U,z) Uz has 
the following properties. 

1) It preserves the 2-form = — | ( dzi A d^i + (iz2 A (^2) . 

2) It is Hamiltonian, because for every u =(j^".^ "'il/'")^ su(2) = {m G 
gl(2, C) I + M = 0} the vector field 

X" = {{iz)zi + {-y + ix)z2) ^ + ((y - tx)zi + {-iz)z2) 4 

satisfies 



^y((iz)zi + {-y + ix)z2) dzi + [{y - ix)zi + {-iz)z2) dz-^ 

= \ d{x{ZiZ2 + -22^1) - 'iy{ziZ2 - Z2Z2) + z{ziZi - Z2Z2)) 

where J" is the Hermitian form 

\z^{ 

\ {x{ziZ2 + Z2Z1) - iy{z{z2 - Z2Z2) + z{z{zi - Z2Z2)) ■ (40) 



r(z) = \z\-iu)z 



From (40) it follows that the mapping su(2) — )■ C°°(C^) : m 1— J" is linear. 



^Various interpretations of the term "quantization commutes with reduction" are dis- 
cussed in [8]. 
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3) It has an SU(2)-momentum mapping 

J : ^ su(2)* : z ^ J{z), 

where J{z)u = J^{z) for every u G su(2). The map J is SU(2)-coadjoint 
equivariant, because for every U e SU(2) we have 

J{Uz)u = r(Uz) = -^{(UzfuiUz)) = ~^z^{U^uU)z 

= -^z'^{Adu-iu)z = J^'^u-^'^iz) = {Adu-if{J{z))u. 

Identifying the basis 

of su(2) with the standard basis ei, 62, and 63, respectively, of R^, the SU(2)- 
momentum mapping J becomes the map 

(ReziZ2 \ /tti 
lmziZ2 = U2 

In particular Trj{z) — J{z)Ej. Identifying with coordinates {zi,Z2) — 
(^1 +i77i, ^2 + ^^72) with with coordinates {$,i,$,2,i]1jV2) and then restricting 
to = {{zi,Z2) e I l^ip + 1^2!^ = 2e > 0}, the map p becomes the 
Hopf fibration 

p : 5^ C ^ 52 C M3 . (^1,^2, 7^1,7^2) ^ 

which is the reduction map of the harmonic oscillator symmetry. Because 
SU(2) acts transitively on and J is SU(2)-coadjoint equivariant, the 
image S'^ of the map p is an SU(2)-coadjoint orbit Oji^z^) through J{z). 
Therefore for every x & ^ji^) — ('^j|e'j(z))(^) — {^'^u-^i'^i^)))-^j 
some U e SU(2) such that x = Ad^-i(J(^)). 

4) It preserves the Hamiltonian E — \ {ziZi + ^2^2), since for every U e 
SU(2) we have 

EiUz) = lz-U^(l '^Uz= lz-z = Eiz). 
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The Hamiltonian vector field Xe = + -^2^ of E satisfies Xe—^ ^ = 

dE, that is, 

— |Xi dzi — dz2 = ^ Zi dzi + ^ ^2^2- 

So XEiz) = iz. The flow of Xe defines the action 5^ x ^ : (t, z) ^ 
e^*'z, which commutes with the linear SU(2) action on C^. 

The next discussion, analogous to the one used in [4j , leads to an explicit 
expression for the standard symplectic form on the coadjoint orbit S"^. 

Define the bijective M-linear mapping 



J -"(2) -trwui, (41) 

which identifies su(2) with M.^. For u, u' G su(2) a straightforward calculation 
shows that 

iz — y + ix\ f iz' —y' + ix' 



' X ' 



y + ix —iz I ' \y' + ix' —iz' 

2 i{^y' ^ V^') —{zx' — xz') + i{yz' — zy') 

\{zx' — xz') + i{yz' — zy') —i{xy' — yx') 

In other words, 

i{\u,u']) = 2j{u) X j{u), for every u, u' G su(2). (42) 

Using the bijective M-linear map i : so(3) — t- M'^ : ^ ^ -x"^ (fj to 

identify so(3) with M'^, we may rewrite (42) as 

j(ad„M') = 2j{u) X j{u~\j{u))j{u'), 

that is, j {sidu)j'^ {j {u'^^ {j {u))j {u') , or equivalently, as 

j{adu)j~^ = 2i^^(j(u)), for every u G su(2). (43) 



Exponentiating (43) gives 
So 

j{Adc^pu)v = e^'~^^^^'^'>'^j{v), for every G su(2). (44) 
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The Kilhng form on su(2) is k{u,u') = ^ti u{u)'^. Exphcitly, 
k(u,u') = ^tY( -y + iA( -i^ y-iA 

\ ' / 2, \y + IX —iz J \—y — IX iz i 

= — tr 22' + xx' + yy' + iyx' — ixy' * \ 

2 \ * + XX + yy — iyx + ixy j 

= xx' + yy' + zz' = {j{u), j{u')) , 

where ( , ) is the Euchdean inner product on M^. In other words, k = j*{ , ). 
The Kilhng form is Ad-invariant, because if ?7 G SU(2), then 

k{Aduu,Aduu') = |tr (Adc/M)(Ad^)^ = Iti {{UuU-^){{U^)^{I^f{Uf)) 
= |tr {Uu{i/fU-^) = k{u,u'). 

Define the linear mapping k^ : su(2) ^ su(2)* by k\u)v = k{u,v) for every 
M,f G su(2). Since k is nondegenerate, the map k^ is invertible with inverse 
fc^. The linear map k^ intertwines the coadjoint action of SU(2) on su(2)* 
with the adjoint action of SU(2) on su(2). In other words, for every u G su(2) 
and every U G SU(2) we have (^Ad[}-ik\u)) = Aduu. To see this we argue 
as follows. For every v G su(2) we have 

{Adl-,k\u))v = k\u)Adu-iv = k{u,Adu~iv) 

= k{Aduu,v), since k is Ad-invariant 
= k\Aduu)v, 

which proves the assertion. Thus we may identify SU(2) coadjoint orbits 
on su(2)* with SU(2) adjoint orbits on su(2). Let be the SU(2) adjoint 



orbit through w G su(2). Using (44) we see that j(C^) C S^, where 



k(w,w) > 0. From (44) it follows that j\o^ is locally an open mapping. 
Because S"^ is compact, we obtain j{Ow) = S^. 

We now determine the standard symplectic form on S^. From [4j it follows 
that the standard symplectic form ujyj on 0^ is 

^w{y){—a.dvU, —a.dvu') = —k{v, [u,u']), where v G and u,u' G su(2). 

So — adtjM, —adyu' G T^Ow Let Ue = j*uJw Then Ue is a symplectic form on 
where = k{w,w) > 0. We now find an explicit expression for Ue- Let 
X = jiy), y = j{u), and y' = j{u'). Then x E S"^ and x x y, x x y' E T^S^ 
and 

Ueix){x xy,xxy') = luJe{j{v)){2j{v) X j{u),2j{v) X j{u')) 
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= luje{j{v)){j{adyu'),j{ad^u')) 

— I ujw{v) ( — adyu', —adyu'), since oUg — j*ujw and j is linear 
= -lk(v, [u,u']) = -\{j(v),2j(u) X 

= Xy') = ^V0l52. 

The last equality follows using spherical coordinates on S^. 
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